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Two-dimensional buoyant clouds moving along inclined boundaries under a gravita-
tional force are investigated theoretically and experimentally. It is found that the
‘thermal theory’ gives a good description of the flow in the slope angle range
5° £ 0 < 90°. In this range the spatial growth rates of the cloud height and length are
constant for a given slope angle and show a linear dependence on #. For a cloud
released with zero initial velocity the front velocity U, first increases and then de-
creases, with the characteristic time of acceleration predicted by theory. In the
decelerating state U,/(g;@o/x,)t is 2:6 £ 0-2 at § ~ 15°, and then reduces uniformly
with increasing 6 to a value of 1-5 ~ 0-2 at 90° (where g;@, is the released buoyancy
and 2, is the front position measured from a virtual origin). The shape of the cloud is
well approximated by a half-ellipse. The variation of the ratio of the principal axes
of the half-ellipse with slope angle is identical with that of the head of an inclined
starting plume (Britter & Linden 1980). However, the cloud has a greater growth
rate than the head of a starting plume.

1. Introduction

The motion of an inclined turbulent buoyant cloud, referred to as inclined thermal,
isrelevant to a number of practical situations. The present work was in fact motivated
by an attempt to understand powder snow avalanches better, but related phenomena
of practical importance are leaks from liquified natural gas reservoirs, turbidity
currents off the continental shelf and other fronts on slopes. In these flows the density
difference giving rise to the buoyant force has different origins. There is, however,
little difference between suspension flows and molecular weight or solute produced
flows, provided the free fall velocity of the suspended particles is small compared
with the turbulent velocity, so that their relative motion is negligible. In some cases
the density difference may be quite large and the Boussinesq approximations violated,
but the present work considers small density differences only.

The flow structure may be either that of a starting plume or a thermal, depending
on whether the source is maintained or instantaneous. For an inclined starting plume
the head has no effect on the development of the flow behind the head, but this flow,
because of its higher velocity, feeds buoyancy into the head. This has the effect of
keeping the front velocity a constant fraction of the plume velocity behind the head
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and proportional to the cube root of the buoyancy flux at the source (Tochon-Danguy
& Hopfinger 1975; Britter & Linden 1980).F In the case of a thermal the buoyancy is
constant and the front velocity is a function of distance. It is of interest to study
inclined thermals because, apart from their direct relevance to many applications,
there are similarities between the thermal and the head of a starting plume (see, for
example, Turner 1962). Also, when the source of a starting plume is removed a thermal
will develop eventually.

In this paper two-dimensional inclined thermals are studied on inclines of slope
angles ranging mainly from 5° to 90°. Some runs were also carried out with slope
angles less than 5°. At zero slope the flow is equivalent in structure to a gravity current
(Britter & Simpson 1978) and at 90° the two-dimensional line thermal studied by
Tsang (1971) is approached. Because of the presence of the wall the flow consists in a
half thermal with its mirror image behind the wall. The wall boundary layer is suffi-
ciently small to be neglected and the shear stress on the wall has no effect on the
dynamics except for angles well below 5°. In §4 the experimental results are presented
for 5° < 6 < 90° and compared with the similarity theory developed in §2. The
situation for 0 € 8 < 5° is discussed in §5.

2. The thermal theory

In the theoretical treatment the assumptions made for free vertical thermals
(Morton, Taylor & Turner 1956) are adopted for inclined two-dimensional buoyant
clouds. Furthermore, friction on the wall can be neglected for slope angles 6 with
respect to horizontal greater than a few degrees. Experiments show (see §4) that the
thermal theory is applicable for 5° < 6 < 90°, and gives a good description even for
smaller angles (see §5).

The change in total linear momentum of the thermal, assuming that Ap/p, < 1, is

dpo(1+k,) S, HLU
dt

= Bsin 4, (1)

where B is the total buoyancy B = g(p—p,) HLS,, which is invariant in uniform
surroundings, S, is a shape factor, defined by S, = cross-sectional area/HL, p, is the
ambient fluid density, U the mass-centre velocity and H and L are respectively the
height and length of the thermal. It is reasonable to take for the added mass co-
efficient k, the value for an elliptic cylinder, which is k, = 2H/L (Batchelor 1974,
p. 431).

The mass conservation equation reduces to

d

a(sl HL)= Sz(HL)% a(0) U, (2)
where S, is another shape factor given by 8, = circumference/(HL)}. For a half-
elliptic form which, as will be seen later, is a good representation of the observed
flow, 8; = 7 and S, = (7/2}) (4k2+ 1)} /k}, with k= H/L. The entrainment co-

t Britter & Linden refer to the inclined starting plume as ‘gravity current on inclines’. Both
terminologies are possible and are in use.



Convection on inclined boundaries 409

efficient « is a function of slope angle only. The Reynolds number is assumed to be
high, so that the thermal is turbulent.} Using U = dz/dt, equation (2) gives

18,

= = —— }
H 2Slk o, (3)
18,
I e — _#
2Slk azx, 4)

where z is here measured from the ‘virtual origin’ defined by H = L = 0.
When using (3) and (4) in (1) the equation for the mass-centre velocity has the form:
d 4 S8, B
— (x2 - 1 a3 5
de(x U) (1+k,,)azS§pasm0' (5)
Integration of (5) gives

0= 03(2) + 305 11 - (/o (©)

where U, is an initial velocity, C is the right-hand side of equation (5) and z, is the
distance from the virtual origin to the initial state of the thermal of volume per unit
width @, = §; HyL,. If the cloud could be released with a shape corresponding to the
developed state and with the appropriate vorticity, then x, would just be the distance
from the virtual origin to the position of release. In practice this is impossible to
achieve, which means that the initial similarity state of the thermal is situated down-
stream of the release gate.

When the cloud is released with an initial velocity smaller than its maximum
velocity it will go through an accelerating phase just after release and then decelerate.
An acceleration phase is observed when

6z, U2\}
<2 (4—070)
20\t
and []0 < (E) .
1 3
When U, = 0, U:(ﬁ) ﬁ(ﬁ_l) for 1<% <ab
z,) x \z, Z,
2\ §
On the other hand when x> 7, (4 _ ﬁxoOUo)

the thermal is in its decelerating phase.
For large values of x such that (2,/2)® < 1 and taking U, = 0, equation (6) gives

U = K(gy@Q,sin 6)tz— (7)

. 1 88; \?!
—_ 1 8
with K Szcx(3(1 T ki.)) ‘ )

which is a function of  since «, 8,/S, and k, vary with 6. The coefficient K can be
calculated from shape factor and growth rate measurements and compared with
direct velocity measurements.

1 The theory would also be valid for laminar thermals with « taking on a lower value. Assum-
ing that the thermal is either laminar or turbulent throughout the motion implies that a is
independent of .
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Dense fluid

Release section

Ficure 1. Sketch of the experimental set-ups. V.0. stands for virtual origin. Note that the
virtual origins for x and x, do not coincide.

Development in time

The development in time is also of some interest. Taking as characteristic time and
velocity scales
, _Qlasta k) 48,300

(S,agssind)t ' € Spat, '

c

equations (1) and (2) can be easily integrated to give

t*+ U*
U* = (®)
and (H*L*)} = 3t*2 + 6UFt* + 1, (10)

where the stars indicate non-dimensional quantities and H*L* = HLS,/@,. For

short times ¢ < f, such that ((H*L*)}—1) < 1 equations (9) and (10) give (taking
Uy = 0)
(H*L*)} — 1 x t%2, U*x t*

and whent > ¢, (H*L*)} » 34¢%8,  U* x 3-3¢+-3,
The circulation K* is given by U*(H*L*)} which is
K* = t*/(3 4+ 1/tx2)},

showing that K* increases with time. For¢ > {,, K* g3,

3. Experimental set-up and procedures

The experiments were carried out in two different water tanks made of Perspex, a
sketch of which is shown in figure 1. Both tanks were completely closed and were
30cm wide and one was 50 cm deep and 300 cm long and could be set at any angle
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from 0 to 40°, and the other 60 cm deep and 200 cm long inclinable from 45° to 90°.
In each of these tanks a release gate spanning the width of the tank was positioned
near one end of the tank. Behind this gate the dense fluid was introduced into the
space hy x Iy x 30 cm (see figure 1). Pressure head control tubes allowed the adjustment
of the heads before release. Usually a common-salt solution was used as dense fluid
but some runs were made with sand suspensions. The initial volumes per unit width
of the dense fluid studied were in both tanks 8 cm deep (k,) and 10 cm long (1), giving
Q, = 80cm?2 Volumes of 11-5¢m depth and 20 cm length were also released in the
low angle tank and 10 cm depth and 20 cm length in the vertical tank.

For the experiment the tank was positioned and then filled with fresh water. The
dense fluid was slowly introduced behind the release gate in the space kg x Iy x 30 cm,
displacing the fresh water.t After adjustment of the pressure heads the gate was
suddenly withdrawn and the dense fluid started to flow down the slope.

Flow visualization methods were used to obtain the size and geometry of the flow,
the velocity of the advancing front and the internal structure. Usually the dense
fluid was dyed with rhodamine and measurements were made from photographs taken
at regular time intervals. Slit lighting and aluminium particles in suspension gave
some indication of the internal vortex structure. The camera was in this case displaced
with the front velocity.

From the photographs it is relatively easy to define the front position, whereas the
bulgy nature of the contour (see for instance figures 2b and 2d) and the existence of a
wake made the determination of the height and, in particular, the length of the buoyant
cloud at low slope angles somewhat subjective. Generally the contour used for defining
the height and length was a somewhat smoothed contour; that is to say, localized
small protrusions were averaged out. For @ = 90° the interface after withdrawal of the
barrier is unstable over the whole depth and there is no preferential position where
motion should start. The resulting irregular initial conditions influence the initial
development of the thermal. In order to reduce this difficulty the experiments were
performed with 89°, which favoured flow commencement near the wall.

4, Experimental results
4.1. Qualitative observations

A two-dimensional thermal on inclined boundaries is similar in structure to the head
of an inclined starting plume studied by Hopfinger & Tochon-Danguy (1977) and
Britter & Linden (1980). Both can be approximated by a half-ellipse and as will be
seen in §4.2 the height-to-length ratio is practically the same. Figure 2 shows photo-
graphs of inclined thermals for slope angles § = 5, 25, 45, 60, 75 and 90°. The decrease
of the length-to-height ratio L/H with slope angle is clearly seen from this figure.
Similarity theory assumes that this ratio is a constant for a given slope angle. Experi-
mentally it is observed, however, that this ratio initially varies somewhat with
distance; increasing or decreasing depending on the geometry of the volume released
and on the slope angle. For instance, for the volume [y x k, = 10 x 8 cm the ratio L/H
increases for slope angles less than about 20° and decreases slightly for angles above

t When a sand suspension was used the suspension was introduced before filling the tank with
fresh water, To reduce sedimentation the suspension was agitated a short time before release.

14 FLM 107
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(a) (b)

(c)

(e) 6]

Ficure 2. The shape of thermals on slopes 5°, 25°, 45°, 75° and 90°.
The thermals move from right to left.

about 45°. For a higher aspect ratio of the released volume (20 11-5cm) the ratio
L/H is more nearly constant at lower angles than 20°, but decreases slightly for
larger values of the slope angle. The values of length-to-height ratios which will be
discussed in §4.2 are average values of the fully developed state, generally taken at
x > 10h,. For the same conditions of release the detailed internal flow structure of
the thermal may differ from one run to another. For example, the big eddy situated
at the rear of the thermal in figure 2d may in another run occur closer to the front.
This is illustrated in figure 3, which shows a vertical slice of a thermal, on a slope of
20°, containing aluminium particles as tracers. The camera was moving with the
velocity of the front. Figure 3(a) indicates a structure similar to that of figure 2(d),
whereas figure 3 (b) shows two big eddies of equal size. In spite of this variability in the
detailed flow structure and the effect of the geometry of the volume released on the
initial development of the length, similarity theory gives, as will be seen, a reasonably
good description of the experiments.

Except at very small slope angles the boundary has little or no effect on the flow
apart from it producing an overhang of the foremost front (nose). On a horizontal
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Ficure 3. Internal structure of an inclined thermal moving down a slope of 20°, showing two
dominant vortex centres of dissimilar sizes in (@) and equal size in (b). Conditions in (@) and (b)
are otherwise identical.

boundary this overhang is well defined (Simpson 1972), whereas on inclined boun-
daries it varies somewhat from one cloud to another and also with distance in an
inconsistent way. In the mean the nose is, however, further away from the wall at high
slope angles than at low angles.

In the theoretical treatment it was also assumed that no buoyaney is lost to the
wake of the thermal. However, from figure 2 it is seen that some dense fluid remains
in the wake and the results indicate that for an initial volume of high aspect ratio
there is a tendeney for more fluid to remain in the wake (see discussion below).

[4-2
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F1cure 4. Height of the thermal as a function of distance from the gate to the front, normalized
by @}. @, is initial volume per unit width. A, 5°; A, 20°; O, 45°; @, 75°; O, 90°.

4.2. Quantitative results

In the theory the variables x and U refer respectively to the position of the mass centre
measured from the virtual origin and to the mass-centre velocity. Experimentally we
have direct access to the front velocity U, and the position of the front x,. It is for
this reason that for thermals it is usual to define the rate of growth by radius, in our
case the height, divided by distance to the front rather than by the half-angle of
spread defined by radius divided by distance to the mass centre. Assuming a symmetric
shape for the thermal, the transformations are simply

1 dH
==l ”f("ﬁ%)’
1dL ldI; ()
v=5(1-35) = U (-2,

Equations (3) and (4) remain valid when z is replaced by z, and a by
a, = (1—(1/2k)dL/dx,).

The same is true for equation (7) with K replaced by K, = K/(1—-(1/2k)dH Jdz,)t.
Thus only the numerical values of the coefficients change when the variables refer to
the front rather than to the mass centre.

A total of 42 runs were analysed. In figure 4 the increase in height, normalized by
the square root of initial volume per unit width, is shown with distance from the
release gate. Figure 4 indicates that for all angles X 5° the height is a linear function
of distance, in agreement with equation (3). According to the similarity assumptions
the length should also grow linearly with distance and this is shown in figure 5. The
length is, however, less well defined and this results in increased experimental scatter.
As was pointed out in §4.1, when the length-to-height ratio just after release of the
dense fluid does not correspond to the similarity state, the length initially increases
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X108
F1eure 5. Length of the thermal as a function of distance to the front, normalized by @}. The
symbols refer to the same conditions as in figure 4.

/ T T | I T | I | T

dH/dx f

0-4

03

0-2

0-1

0

9 (deg.)

F1cure 6. Growth rate in height as a function of slope angle §. The symbols []J refer to the sand
suspension thermal; A and — - — - indicate the growth of a gravity current head (Britter &
Linden 1980); , value of line thermal of Tsang (1971); —-— corresponds to 3-6 x 10-39 + 0-04.

more or less rapidly than expected from similarity laws. This leads, at low slope
angles, to some difference in virtual origins when these are determined either from
length or height measurements. For larger slope angles the adjustment to a similarity
state is more rapid and the two virtual origins coincide within experimental error. In
the transformation equations (11) a common virtual origin is chosen and is deter-
mined by the upstream extrapolation of the thermal height to zero.

The rate of growth in height dH /dx, as a function of a slope angle is shown in
figure 6 for the range 2-5° < 6 < 90°. The line fitted through the data points, given by
dH [dx, = 3-6 x 10739 + 0-04,} does not intercept the ordinate at zero, a behaviour
also found for steady plumes (Ellison & Turner 1959). Below 5° the growth rate falls

t Linear regression indicates that the straight line fitted through the data points in figure 6

has a correlation coefficient higher than 0-9 which is a ‘highly significant’ value considering the
large number of data points. This also holds for figure 7.
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18,
0 k S, St 28, dH/dz, a a§ dL/dx, K,sin}o
0° 017t 08 2-83 0-73 0 — — — —
5 020 0-85  2:68 0-70 0-055  0-078 0081  0-30 1-93

10° 028 0-8 2:41 0-79 0-07 0-088 010 0-32 2.45

15° 033 0-8 2-31 0-82 0-08 0-10 0113 035 2:66

20° 0-34 0-83 2-29 0-80 0-11 0-136 0-162 0-36 2:35
25° 0-37 0-83 2.27 0-83 012 0-144 0-172 0-40 2:45
40° 0-43 0-86 2:20 0-84 0-19 0-24 0-308 0-48 2:00
60° 0-45 0-83 2-21 0-89 0-24 0-28 0-382 0-54 1:90
75° 0-5 0-83 2-19 0-9¢ 0-29 0-32 0-450 0-6 1.75
90° 0-53 0-86 2-20 0-93 0-36 0-39 0-59 0-66 1-55

t 8, was caleulated from S, = (7/23) (4k2+ 1)1 /K3,

1 The length is determined by tracing an equivalent ellipse through the head of the gravity
current.

§ Calculated from a = «a,/(1—(1/2k) dH [dx,).

TaBLE 1. Characteristic coefficients for the thermal at slope angles ranging from 0 to 90°.

dLfdxy

0 | ] | I ] ] 1 ] 1 »
10 20 30 40 50 60 70 80 90
6 (deg.)
Fioure 7. Growth rate in length as a function of slope angle 8. [J, sand suspension thermal;
V,dH/dx;x (L/{H); ——, 4-4 x 1020+ 0-26.

off more rapidly and is close to zero at 0°, the precise value depending on the ratio of
cloud height to depth of ambient fluid. Figure 6 indicates that for 6 2 5° dH /dx, is a
linear function of 4. In table I the values for the shape factor coefficients, the height-to-
length ratio k and the values of @ and a, are given. When plotting «, or « as a function
of slope angle it is noticed that a; and « are, within experimental error, also linear
functions of 4.

Figure 7 shows the rate of increase in length as a function of 0. A straight line given
by dL/dx; = 4-4 x 1030 + 0-26 is a good fit to the data in the range 5° < 6 < 90°. The
ratio (dL/dx,)/(dH [dx,) presented in figure 8 increases with decreasing slope angle,
and because of the lack of a strict similarity development at low slope angle this ratio
exceeds the length-to-height ratio, which is also given in figure 8. It is interesting to
note that the length-to-height ratio for the head of an inclined starting plume (Britter
& Linden 1980) shows a variation with @ very much like the inclined thermal. The
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10 20 30 40 50 60 70 80 90
8 (deg.)
Ficure 8. Ratio of spatial growth rates in length and height indicated by O and [ and of
length-to-height ratio, indicated by A, as a function of slope angle 6. @, length-to-height ratio
for a gravity current head (Britter & Linden 1980). ——, (4-4x 10-30+ 0-26)/(3:6 x 10-230
+0-04).

spatial growth of the head of the starting plume is, however, less than that of the
thermal (figure 6).

In all the experiments the dense fluid was released without an initial velocity, so
that the cloud went through an acceleration phase just after release and then de-
celerated. This is clearly seen from figure 9, where the normalized mass centre velocity
for a slope angle of 10° is plotted as a function of distance to the mass centre normalized
by x4, which is the distance from the initial similarity state to the virtual origin. The
latter can be obtained by extrapolating H as a function of a2’ (distance from the
release gate to the mass centre, see figure 1) upstream of the gate to H = 0. The value
of x, used in figure 9 was, however, determined from x, = h,/(2dH /dx), which was a
fairly good representation of z,. When the gate is opened the dense fluid emerges with
a height 1A, but, because it emerges without vorticity and an aspect ratio generally
different from that of the similarity state, it moves a short distance downstream (of
order k) before a similarity state is established. This is the reason for the downstream
displacement of the maximum of the experimental curve with respect to the theoretical
one. By shifting the origin by about 4, the locations of the two maxima could be made
to coincide. The distinct jump in the experimental points at 2 /2, = 2 has no physical
significance and is merely due to the error associated with finite-differencing the
data.

Figure 9 also indicates that the observed velocity is about 10-209, higher than
the velocity predicted by equation (6). As is seen from table 2, this is generally the
case for slope angles 8 < 45° and [ /h, ~ 1. Taking the virtual mass coefficient equal
to zero at these slope angles would give good agreement of theory with experiments.
Table 2 also shows that the time of acceleration decreases rapidly when 0 inereases.



418 P. Beghin, E. J. Hopfinger and R. E. Britter

1
Qo)

’
0o
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—_
(5]

x/Xo

F1cURE 9. Mass centre velocity on 10° slope, normalized by (g,Q, /2,3, as a function of distance
to the mass centre measured from the virtual origin and normalized by z, = 45 em. , equa-
tion (6); O, experimental points. x, is the distance from the virtual origin to the actual origin
(taken as the gate of release).

Ufmnx UImnx(k.,:O) Ufmu(exp)

g k, Qo (em?)  po/Pa% L (8) {(em s7) (em s71) {(em s71)
5° 0-4 80 2 10-5 6-01 — —
10° 0-56 80 2 7-42 7-56 9-41 10
15° 0-66 80 2 6-32 8-95 11-53 10
20° 0-68 80 2 4-83 9-13 11-83 13
45° 0-86 80 2 2:55 9-88 13-4 13
15 0-93 27-14 37-0 35
60° 0-90 80 2 2:07 10-22 14-08 13
75° 1-0 80 2 1-87 10-00 14-1 13
15 0-68 27-51 38-78 30
90° 1-0 80 2 1-60 10-02 14-2 10
15 0-58 27-65 548 32

TaBLE 2. Values of characteristic acceleration time and of maximum front velocity
for different slope angles.

During the decelerating state equation (7) indicates that the velocity is propor-
tional to z;%, which agrees with experiments (figure 10). The experimental scatter at
large slope angles is, however, considerable. This scatter is inherent to thermals on
large slopes and is a consequence of the observed intermittent outgrowths as the flow
proceeds. It is nevertheless reasonable to assume the velocity coefficient K, to be
constant for a given slope angle, but figure 10 indicates that the non-dimensional
velocity U,x’}/(g(’,Qo)* = K,sin} @ is a decreasing function of 6. This variation of
K, sint 6 with slope angle is brought out in figure 11, where K sint 6 is plotted as a
function of slope angle. It is seen that the non-dimensional velocity reduces from a
maximum of about 2-6 at 10°-20° to a value of about 1-5 at 90°. The large experi-
mental scatter, in particular for large slope angles, is again apparent from figure 11
and is similar to the scatter in non-dimensional velocity observed for the inclined
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Ficure 10. Front velocity normalized by the square root of the buoyancy released, as a function
of distance to the front measured from the virtual origin. The solid lines are curves U, o :t;‘i
fitted to the data points. @, @ = 10°; [J, 0 = 45°; A, 0 = 60°; O, 6 = 90°,
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FiGUure 11. Velocity coefficient K,sinl@ as a function of slope angle 6. O, @, = 80 cm?;
A, @y = 230 cm?; [, sand suspension @, = 80 cn?; @, calculated from equation (8) trans-
formed to front variables using values given in table 1; {, Tsang’s resultt for line thermals;
«, U,(a:;/g",Qo)‘l‘ for finite volume release on zero slope.

starting plume (Britter & Linden 1980). The non-dimensional velocity calculated
from equation (7) together with (8) (transformed to front variables) and using the
values given in table 1, gives a good representation of the measured front velocity.

It is seen from figure 11 that values of K, sin?# for the sand suspension thermals
are lower than for the brine thermals. This is not surprising, since sedimentation of
sand before release, and to some extent also during the motion, is inevitable and the
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effective g; must be lower than the nominal value of g;. This does not, however, affect
the growth rate of sediment thermals, which was found to be identical with brine
thermals (figure 6). The sand used was graded to give grain sizes less than 20 yum
which have a fall velocity under gravity much less than the convective velocity inside
the thermal.

For low slope angles figure 11 also indicates that the velocity coefficient K, may
depend on the initial volume or more likely the aspect ratio of the released volume.
For volumes ¢, = 80 cm? of aspect ratio ,/k, close to 1, the non-dimensional velocity
is higher than for volumes ¢, = 230 cm? (or 200 cm?2) of aspect ratio closer to 2.
Because the dense fluid emerges from the gate with height }h,, it starts off more like
a starting plume when the aspect ratio l,/k, is large. This flow then develops into a
theruial structure as dense fluid from the layer behind the head flows into the head.
However, as the layer behind the head gets thinner its velocity, because of mass loss
to the head, drops below the front velocity and it eventually remains there as a wake.
It is therefore quite possible that more buoyancy remains in the wake when the
aspect ratio at release is large.

It is also noticed that at low slope angles the measured normalized velocity for
@, = 80 cm? is generally greater than the value calculated from equation (8). One
explanation, as mentioned before, is that the added mass coefficient is less than 2% as
it would be for an elliptically shaped body. Because of the large eddy structures as
shown in figure 2 fluid is entrained on the back of the first eddy and also through the
whole boundary, and this leads to a streamline pattern quite different from that of the
flow around an elliptic solid body. At larger slope angles the flow consists of only one
main eddy and in this case a virtual mass coefficient of about 1 would seem more
plausible.

A more curious behaviour exhibited by figure 11 is the variation of front velocity
with slope angle. The initial increase in normalized velocity as the slope angle increases
from very small values, and the decrease for slope angles larger than about 15° are
consequences of the different dependence of driving force and retarding mechanism
(entrainment of ambient fluid) on slope angle. The dependence of driving force on
slope angle is clear, but the reason for the observed linear dependence of the entrain-
ment rate on 6 is unexplained.

5. Behaviour for slopes less than 5°

As the slope is reduced below 5° the previous interpretation and analysis of the
experiment becomes less applicable. For example, when the slope is horizontal,
0 = 0°, the dense fluid spreads, with mixing between the fluids restricted to near the
leading edge. This leading edge is, of course, a gravity current head (see Britter &
Simpson 1978). Thus most of the denser fluid remains unmixed in a layer of decreasing
thickness. Therefore, at very small slopes, the concept of a well-mixed, identifiable,
buoyant cloud is not applicable. Experiments at a slope of 2-5° indicated that the flow
was to some extent similar to that at 5°. All the dense fluid appeared to be involved
in the mixing, but the length of the head was poorly defined, with some mixed fluid
left well behind the leading edge. It seemed, therefore, inappropriate to consider this
very large and poorly defined region as being a cloud of elliptical shape.

It is noteworthy that on zero slope the front velocity, after the acceleration phase
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terminated, could be represented by U,/(go @)t oc ;4. The distance to the leading
edge was now measured from the gate rather than from a virtual origin. Using data
from Hoult (1972), who found a similar spatial velocity dependence, the propor-
tionality constant may be estimated as 1-23. This value is indicated in figure 11 for
comparison. In the present experiments the dense fluid layer thickness was much less
than the depth of the total fluid. When the dense fluid layer is an appreciable fraction
of the total depth a quite different behaviour of constant U, is observed (Huppert &
Simpson 1980).

Owing to the limited size of the apparatus viscous effects became important shortly
after release when the slope angle was close to zero and this prevented us reaching any
more definite conclusions concerning the flow on very small slopes.

6. Conclusions

It has been shown that the ‘thermal theory’ can be applied to the motion of buoyant
clouds moving on slopes of angles 5° < 0 < 90°. The coefficients are now functions of
slope angle # and the basic entrainment coefficient « is multiplied by shape factor
coefficients whose product is 1 when ¢ = 90° and  when 8 ~ 5° (see table 1). The
spatial growth rates in height and length of the cloud are linear functions of the slope
angle and are larger than the corresponding growth rates for the head of an inclined
starting plume. The length-to-height ratio of the head of an inclined starting plume
can, however, be considered identical to that found for the inclined thermal. The
thermal is well represented by a half-ellipse, as is apparent from the shape factor
coefficient S, given in table 1.

When the dense fluid is released without initial velocity it goes through an accelera-
tion phase and then decelerates. The time of acceleration is reasonably well predicted
by theory, considering that the dense fluid is released without initial vorticity and
that the cross-sectional area of released volume does not correspond to the developed
half-elliptic shape. The acceleration time decreases by roughly a factor of 10 as the
slope angle increases from 5° to 90°. The maximum front velocity normalized by
(90 @o) increases weakly with slope angle (table 2) ,whereas the non-dimensional front
velocity in the decelerating state U,/(go@s/%,)? has & maximum of 2:6 + 0-2 at 15°
and then falls off uniformly to a value of 1-5 + 0-2 at 90°. The thermal theory, which
requires experimental values of « and k, is in good agreement with this behaviour.

The transition from a thermal structure to a gravity current, similar to that on
horizontal boundaries, takes place at an angle less than 5°. The flow seems to merge
gradually from one state to another as the slope angle is decreased below 5°. More
quantitative conclusions concerning the flow along horizontal or weakly inclined
boundaries await further study using an apparatus of larger dimensions to reduce
viscous effects.
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